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How Might a Black Hole
 disappear?



Quasi-Normal Modes (QNM)

QNFs.: carry the characteristic 
information about the black hole 
(mass, charge, angular momentum)

Black hole rings with damped oscillation

QNMs.: respond of the black hole to 
the perturbation      

Independent of the initial perturbation
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Procedure of QNM calculations

• Background metric
 1. Stationary background: Schwarzschild
 2. Time dependent background: Vaidya  

                
• Solve the perturbation eq. for appropriate 
B.C. 

{
 perturb it
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Ψevent horizon ∼ pure ingoing wave   

Ψspatial infinity ∼ pure outgoing wave    



Procedure of QNM calculations

• Background metric
 1. Stationary background: Schwarzschild
 2. Time dependent background: Vaidya  

                
• Solve the perturbation eq. for appropriate 
B.C. 

{
 perturb it

ω=ωR + iωI
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• Extract the QNFs from the waveform data



Out-Going Vaidya Metric 

 Out-going Vaidya metric (radiating star & 
evaporating black hole)
 

   

 Null coordinates (u = t-r & v = t+r)
 Linear mass function m(u)= -µ u
 ∆ = (1-16µ)1/2   0< µ < 1/16
 Homothety symmetry

ds2 = −(1 − 2m(u)/r)du2 − 2dudr + r2 dΩ2
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A New Model: Conformal Diagram 
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Electromagnetic and Scalar 
Perturbation Equations 

Scalar perturbation 
σ = 0

σ = 1
 EM. perturbation

 Numerical integration of PDE using double 
null coordinates method

  Reduction of PDE to ODE ???  

Complicated but possible !!

∂2ψ(u,v)
∂u ∂v + 1 + Δ

4Δr(u,v)4 r(u,v) + (1 − Δ)
4 u⎛

⎝⎜
⎞

⎠⎟

2/(1+Δ)

(( + 1)r(u,v) − 2 σ μ u)ψ(u,v) = 0
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Double Null Coordinates 
Integration 
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Gaussian initial data:

ψ(0,v)=exp[-(v-vc)2/w2]

Recursion relation     :

ψN =ψE +ψW -ψS - W(u,v) h2/8 (ψE +ψW)

Center
Width

Potential
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Double Null Coordinates 
Integration 

Gaussian initial data:
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PDE Integration Results for 
∆=1/2 
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PDE Integration Results for 
∆=1/2 
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PDE Integration Results for 
∆=1/2 

s=1, {=1

s=1, {=0

s=0, {=1

-10 0 10
10-31

10-25

10-19

10-13

10-7

0.1

v

lo
g»yH

0,
vL»

w=1, vc=-4

s=1, {=1

s=1, {=0

s=0, {=1

-10 0 10
10-31

10-25

10-19

10-13

10-7

0.1

v

lo
g»yH

0,
vL»

w=1, vc=-4

8



 Reduction to an ODE 

v∂
2V( ) 
∂v2 +(1-κ)∂V( ) ∂v

v v +F( )V( )=0v v

=(-u)=|u|
=v(-u)-2∆/(1+∆)

r=r(u,v)=|u|g(v/|u|2∆/(1+∆))

ψ( , ) =  λV( )v

v
u

vu u

{

κ=λ(2∆)/(1+∆)

Homothetic symmetry
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Analytical Analysis of ODE (∆=1/2)

Expansion of F( )  around     0

and around     ∞ and substitution   =ex

v v

v

F( )= ∑ bn  nv
n=0

∞
v

F( )≈ cℓ(ℓ+1)/  5/2vv

v

κ= -iω+ε ε≥ 0
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ψ
λ
= γu2κ/3 + δeκx

ψ
λ
= αu2κ/3 + βv κ



 Numerical Solution of ODE 

 NDSolve package in Mathematica 
 Reasonable initial conditions
    For ∆ = 1/2 solution to p.eq. using LO terms
    in F(v)

 Take the numerical values of the solution for 
v = 0.000001 and v = −0.000001

(c1 J-κ (8        )+ c2 Jκ (8        ))vV( ) κ/2v √v√26 √v√26
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 Results of Numerical Solution of 
ODE for ℇ=0 
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 Results of Numerical Solution of 
ODE for ℇ=0 
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 Results of Numerical Solution of 
ODE for ℇ=0 

s=0, {=1, k=-7‰

-10 -5 0 5 10

15.

15.5

16.

16.5

17.

v

lo
gH†V
HvL§L

s=0, {=1, k=-7‰

-10 -5 0 5 10

15.

15.5

16.

16.5

17.

v

lo
gH†V
HvL§L

12



 Summary and Conclusions  

 Further evidence that outgoing Vaidya space-time 
may provide a realistic semiclassical model for the 
end point of black hole evaporation. 

 Homothety symmetry  PDE to an ODE  QN-like 
oscillations around the end point of evaporation.

 The normalizable modes exhibit oscillations as they 
approach u → 0 in both the solutions to the full PDE 

as well as in the individual modes obtained after 
separation. 
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